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Abstract 
The paper deals with mathematical description and computer simulation of multi-body dynamical systems with constraints imposed 
on displacements and velocities. Such mechanical systems contain a finite number of material points, whose motion is limited by 
unilateral constraints. The mathematical description of the problem, concerning the interaction between material points and 
unilateral constraints, is presented. The dynamic problem was defined in order to evaluate accelerations of elements and reactions 
of constraints. Moreover, the impact problem was formulated. The solution of the impact problem determines non-continuous 
change in velocities of elements and impulses of constraints’ reactions. 
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1. Introduction 
In order to describe geometrical limitations of motion, the notion of both multi-valued mappings, as well as 
contingent derivative of mappings was used [1,2]. Based on that notion, the sets of admissible configurations of the 
body as well as its velocities and accelerations can be evaluated. 
 The effect of interaction between the constraints and the body or material point can be observed only for such time 
instants when the configuration of the body belongs to the border of the set of admissible configurations and its velocity 
belongs to the set of admissible velocities. In such a situation, the accelerations of the body can be evaluated using a 
dynamic problem formulated based on the Gauss theorem. The second case of interaction between the constraints and 
the body is related to impact phenomenon, which occurs when the configuration of the body belongs to the border of 
the set of admissible configurations but its velocity does not belong to the set of admissible velocities. In such a 
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situation, a discontinuous change in velocities is observed and the new velocity should belong to the set of admissible 
velocities. 
The dynamic problems of mechanical systems with unilateral constraints can be analyzed using the notion of non-
smooth mechanics introduced by Moreau and Jean and Panagiotopoulos [3-6], Brogliato and Acary [7, 8], Glocker 
and Pfeiffer [9, 10] and Grzesikiewicz and Wakulicz [11-14].  
2. Description of mechanical system 
Description of motion of real physical objects is very often carried out with use of mechanical models composed 
of rigid bodies and material points. We consider a mechanical system, whose configuration and velocity is described 
by N-dimensional vectors of generalized coordinates NRX  and generalized velocities NRV  where NR  denotes 
N-dimensional Euclidean space. 
Energetic properties of mechanical systems concerning the phenomena of energy accumulation and dissipation can 
be described by three functionals, e.g. the functional of potential energy  XEp where 1: RRE Np o ; the functional 
of kinetic energy  XVEk ; , where 1: RRRE NNk ou  and the potential of dissipation  XVD ; , where
1: RRRD NN ou . The external loadings of the system are described using the vector of generalized forces  VXtF ,,
, where NNN RRRRF ouu1: . 
The motion of the mechanical system is limited by unilateral constraints, which will be analyzed in next point. 
Equations of motion for a free system (without constraints) can be obtained using the Lagrange theorem 
         ; ; ;d , , .
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After some algebra Eq. (1) can be written as follows 
   1 , , ,X M X f t X X     (2) 
where   NNRXM u  denotes the mass matrix . 
The resultant vector of generalized force  XXtf ,,  used in Eq. (2) has the following form 
         ;, , , , , ,p
E X D V X
f t X V F t X V B X V
X V
w w
   
w w
 (3) 
where  VXB ,  denotes the vector of inertia forces depending on velocity of a body. A detailed form of matrices M  
and f  can be obtained taking into account the characteristics of the system being analyzed. 
3. Unilateral constraints 
Unilateral constraints can be defined as a model of the phenomenon occurring during the process of interaction 
between a material body and a displacement restriction. We will assume that the reaction forces characterizing this 
interaction are elastic and the body deformation is small comparing to its displacements. Mathematical description of 
constraints is composed of geometrical conditions imposed on the body motion as well as a relationship between the 
reaction force and the body configuration. In this paper, geometrical characteristics of constraints will be described 
using a multi-valued mapping  t: . 
In case of active constraints, the reaction force appears. In order to find both the value of reaction force and 
generalized acceleration, an algebraic dynamic problem should be solved. In case of non-active constraints, the 
reaction force equals zero, while the generalized acceleration is solved applying Eq. (2). 
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Let us analyze kinematic implications of unilateral constraints defined via the following inclusion 
    > , 0, .endX t t t t:    (4) 
Equation (4) describes constraints imposed on displacements. Moreover, Eq. (4) implicates constraints imposed on 
velocities for such time instants when displacements of the body belong to the border of the set of admissible 
displacements, i.e.    tFr :tX . The limitation of velocities, being mentioned above, can be mathematically 
described using the notion of contingent derivative of multi-valued mapping   oooc ,D uXt:  analyzed by 
Grzesikiewicz et al. [15]. We will use the simplified definition of this derivative because the only argument of 
functions we analyze is time, what implicates 1o  u  (see [15]). Thus, the following definition can be used 
   o oc o o 0
ȍ
D , : : lim inf  dist , 0 .N N
h
t h X
t X V R V R
ho
­ ½ § ·° °:    ¨ ¸® ¾
° °© ¹¯ ¿
 (5) 
Equation (5) defines the set of vectors NRV   describing admissible values of the right-hand derivative of the 
function X  
     > cD , , 0, .endX t t X t t t  :    (6) 
The above inclusion (6) can be interpreted as a kinematic implication or differential succession of Eq. (4). Equation 
(6) describes velocity restrictions resulting from unilateral constraints given in Eq. (4). 
Velocity restrictions described in Eq. (6) result in acceleration restrictions in case of such time instants when the 
velocity belongs to the border of the set of admissible velocities i.e.     tXttX ,DFr c : . The notion of the second 
contingent derivative  VXt ,,D2c :  can be used in order to define the acceleration restrictions [11]. 
The description of unilateral constraints presented herein leads to the conclusion that there are three possible states 
of the mechanical system for > endtt ,0 . The first state of the system is associated with non-active constraints if 
   ttX : Int  or         tXttXttX ,DInt Fr c ::  . In such a case, the vector of generalized accelerations can 
be found based on Eq. (2b).  
Another state of the system concerns the following condition         tXttXttX ,DFr Fr c ::  , which is 
related to active constraints limiting the vector of accelerations, which should obey the relation as follows
      tXtXttX  ,,D 0 2c : . This active constraints state results in a reaction force NRr   adjusting the 
accelerations of the system to constraints. The equation of motion (2) should be completed by the reaction force as 
follows  
   1 , , .X M X f t X X r ª º ¬ ¼    (7) 
The methods of finding the reaction forced were analyzed by Grzesikiewicz [11]. In our paper we assume perfect 
constraints what leads to elastic reaction force [16, 17]. In such a case Eq. (7) should be completed by the following 
variation inequality 
   T 2c0 D , , .r a X a t X X t   :     (8) 
The third state of the system, when         tXttXttX ,D0Fr c ::  , concerns active constraints resulting 
in impact and giving non-continuous change in velocity, satisfying the following condition     tXttX ,D0 c : . 
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4. Impacts 
Impact is a short-lived phenomenon of energy exchange between colliding bodies. The velocities of colliding bodies 
change rapidly and the reactions are impulsive in nature what means that the interactions are short-lived and reach 
large values. Classical theory of impact mechanics applied for rigid bodies assumes that the collision phenomenon 
results in discontinuous change of velocities and the reaction are modelled as impulses [18]. 
The solution of impact problem needs both the impulsive reaction [Ns] p  as well as the velocity after impact V  
to be found. In classical mechanics, three types of rigid body impacts can be distinguished: plastic, elastic and elastic-
plastic [19-21]. In a case of a plastic impact, the following set of equations should be applied [12] 
 
   
c
T
c
D ,
0 D , .
MV MV p
V t X
p V V V t X
 


  
 :
 t   : 
  (9) 
Based on Eqs. (9), it possible to obtain the unique solution giving the values of both velocity V , as well as 
impulsive reaction p . 
In case of mathematical description of elastic impact, the Newton-Poisson hypothesis needs to be applied. This 
hypothesis states that the elastic impact has 2 stages. The first stage, called compression, obeys the plastic impact 
principles. During the second stage, called restitution, the impacting bodies are subjected to impulsive forces being 
equal to the impulsive reaction associated with the first stage (compression).  
Finally, the elastic-plastic impact can be defined using the so-called restitution parameter ]1,0[E . Assuming
0 E  gives plastic impact, while  1 E  leads to elastic impact. Thus, the second stage of elastic or elastic-plastic 
impact can be described as follows 
,MV MV pE     (10) 
where V  denotes the velocity after the second stage of elastic or elastic-plastic impact. 
5. Computer simulations 
Let us analyze numerical solution of a problem visualized in Fig. 1. The two-degree of freedom system contains 
three springs and non-deformable bumpers modelling unilateral constraints. The plastic impact will be taken into 
consideration ( 0 E ). The configuration shown in Fig. 1 corresponds to such a time instant when the material points 
are in contact but both displacements and reactions are equal to zero.  
 
 
Fig. 1.Mechanical system with unilateral constraints. 
Parameters of the model, are as follows: kg 2001  m , kg 1002  m , N/m 800010 231    kkk . The excitations 
of the system are caused by the following initial conditions: 
   0.5 10 (m) , 0 (m/sec) ,
0.5 1
X V
 ª º ª º
  « » « »
¬ ¼ ¬ ¼
  (11) 
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The motion of the system is described by Eq. (7), where   XKXXtf  ,, . It should be also completed by Eq. (8) 
in case of active constraints and by Eqs. (9) while the impact is considered. The matrices M  and K  have the 
following forms, respectively: 
1 2 21
2 2 32
0
,
0
k k km
M K
k k km
 ª ºª º
  « »« »  ¬ ¼ ¬ ¼
  (12) 
Computer simulations were carried out in order to analyze the motion of the system for time ]3,0[t sec. The 
solutions of non-linear differential equations were obtained applying modified Runge-Kutta algorithms (see [18]). The 
displacement time history graphs, shown in Fig. 2 (left picture), demonstrate how the constraints work. For each time 
instant the displacement of the point 2m  is bigger than or equal to that of 1m  what satisfies the constrains (see Fig. 1).  
 
Fig. 2. Time histories of displacements (left picture) and velocities (right picture) for the system shown in Fig. 1. 
 
Fig. 3. Time histories of reactions (top picture) and impulses (bottom picture). 
Moreover, for some time instants, the displacements of both material points are the same (as the velocities shown 
in the right picture). Such situations correspond to contact phenomenon resulting in reaction forces shown in Fig. 3. 
Analysing the graphs in Fig. 3 leads to the conclusion that for certain time instants a non-continuous change in 
velocities can be observed. This is the effect of impact phenomenon associated with impulsive reaction shown in Fig. 
3 where four impulsive reactions are visualized. Let us note that in case of the first impact, for 22.0|t sec., the 
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phenomenon does not cause any reaction what means that the contact between material points is infinitely short 
(compare displacements in Fig. 2) 
6. Conclusions 
Numerical analysis and mathematical formulation of motion of multi-body systems with unilateral constraints and 
impacts were performed in the paper. The study focused attention on the formulation of the problem with the use of 
the concept of unilateral constraints described by variation inequalities [18]. A numerical example showing the 
applicability of the problem was also presented. Constraints imposed on displacements implicate limitations of both 
velocities and accelerations in certain time instants. The analysis of these implications needs to be carried out in order 
to obtain the formulation leading to unique solution of the problem. Moreover, the phenomenon of impact was also 
considered. The analysis of impact needs the new velocities to be established satisfying the restrictions resulting from 
constraints.  
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